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Abstract 

In this paper, we investigated special Smarandache curves in terms of Sabban frame drawn on the surface 
of the sphere by the unit Darboux vector of involute curve. We created Sabban frame belonging to this 
curve. It was explained Smarandache curves position vector is composed by Sabban vectors belonging 
to this curve. Then, we calculated geodesic curvatures of this Smarandache curves. Found results were 


expressed depending on the base curve. We also gave example belonging to the results found. 
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1. Introduction and Preliminaries 


The involute of the curve is well known by the mathematicians especially the differential geometry scientists. 
There are many essential consequences and properties of curves. Involute curves have been studied by some authors 
[3, 7]. Whose position vector is composed by Frenet frame vectors regular curve is called a Smarandache curve 
[10]. Special Smarandache curves have been studied by some authors [1, 2, 5, 8, 9]. K. Taskoprii, M. Tosun studied 
special Smarandache curves according to Sabban frame on S? [11]. Senyurt and Caligkan investigated special 
Smarandache curves in terms of Sabban frame of spherical indicatrix curves and they gave some characterization 
of Smarandache curves [4]. Let a : I + E®* be a unit speed curve, we defined the quantities of the Frenet-Serret 
apparatus, respectively 


_ a’ (s) 
Ila"”(s)|]° 
K(s) = ||T"(s)|], 7(s) = (N"(s), B(s)). (1.2) 


we have an orthonormal frame {T, N, B} along a. This frames is called the Frenet frame of a. This curve the Frenet 
formulae are, respectively, [7] 


B(s) =T(s) A N(s), (1.1) 


T'(s) = «(s)N(s) 
N'(s) = —K(s)T(s) + 7(s)B(s) (1.3) 
B'(s) = —1(s)N(s). 


For any unit speed curve a : I > E®, the vector W is called Darboux vector defined by 
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W=TI+kB. 


If we consider the normalization of the Darboux, we have 


siny = cos y = 


|W || 


and 


C =sinyT + cosyB 


where 2(W, B) = y, [6]. Let a: I + E® unit speed and a* : I + E® be the C?— class differentiable two curves. If 
the tangent vector of the curve a is orthogonal to the tangent vector of the curve a* which is called involute of the 
a. According to definition, if the tangent of the curve a is denoted by T and the tangent of the curve a* is denoted 
by T*, we can write [7] 


(T,T") = 0. (1.4) 


If the curve a* is involute of a, then we may write that [7] 


a*(s*) = a(s) + (c— s)T(s). (1.5) 


Leta: I + E® and a* : I > E® be the C?-class differentiable unit speed two curves and the amounts of 
{T(s), N(s), B(s)} and {T*(s*), N*(s*), B*(s*)} are entirely Frenet- Serret frame of the curves a and the involute 
a*, respectively, then [3] 


T*=N 
N* =—cosyT +sinyB (1.6) 
B* =sinyT + cos pB. 


where Z(W, B) = y. For the curvatures and the torsions we have 


Ww (er! — Tr’) 
* — ee 1.7 
alg? © = ae alle we) 


d 2 
where — = |c — s|x. From (1.9) equation, we have 


ds 
eg Ol I 
Vo? + (WIP Ve? + WI’ Ve? + ||W|I? ||| 


Let (a, a*) be a curve pair in E®. For the vector C* is the direction of the involute curve a* we have 


siny* = 


. / 
c= Snel op, ny, cose (1.9) 
Ve’)? + WI] Ve’)? + |W V(v')? + |W] 
where the vector C is the direction of the Darboux vector W of the base curve a, [3]. Let y : J + S? be a unit speed 
spherical curve. We denote s as the arc-length parameter of y. Let us denote by 


Vs) =(s), Hs) =7'(s), d(s) = 7(s) A t(s) (1.10) 


{7(s),t(s), d(s)} frame is called the Sabban frame of 7 on S?. Then we have the following spherical Frenet formulae 
of + 


9/(s) =t(s), t/(s) = —7(s) + k(s)d(s), d'(s) = —K,(s)t(s) (1.11) 


where k, is called the geodesic curvature of the curve 7 on S? which is, [11] 


Kg(s) = (t'(s),d(s)). (1.12) 
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2. On The Darboux Vector Belonging To Involute Curve 
A Different View 


In this section, we investigated special Smarandache curves created by Sabban frame {C*,To+,C* A Tc+}, that 
belongs to drawn on the surface of the sphere by the unit Darboux vector of a a* curve are defined. We found some 
results. These results will be expressed depending on the base curve. Let a. (sc«) = C*(s*) be a unit speed regular 
spherical curves on S*. We denote sc~ as the arc-length parameter for drawn on the surface of the sphere by the 


unit Darboux vector of involute (C*). Sabban frame for (C*) is 


Aon (Soe) = C*(8") 
Differentiating (2.1), we found 


ds... . 
To* =< = y*' cosy*T* — y*’ sin y* B* 
s 
and we can write 
dS gl 
ds* 


Hence we have 
To» = cos y*T™* — sin y* B* 


and 
C* A Tox = N*. 
From the equation (1.10), we have 
C* = siny*T* + cosy* B* 
Tos = cosy*T* — sin y* B* 
C*AToxe = N*. 


Then from the equation (1.11) we have the following spherical Frenet formulae of (C*) is: 


CY = To 
w* 
p 
w* 
(Ce AToy = Wily. 
~ 


From the equation (1.12), we have the following geodesic curvatures of (C*) is 


w* 
Keg = (Te, C* ATo*) => keg = wl 


x 


£,-Smarandache curve can be defined by 
= 
V2 


or substituting the equation (2.4) into equation (2.7), we reach 


Ai (se+) = 4 (C* + Tor) 


1 
s*) = —((siny* + cosy*)T™ + (cos y* — sin ‘)B"). 
f(s") = Fe ((sing* + cos y*)T* + (cos* — sing*) 
Differentiating (2.7), we can write 


*/ * at * w* */ *« 3 # 
Ts, (s*) = p (cos sin y ) ir | | N* Y (cos p + sin y ) 


2pr!? + |W"? apr? + | Wel? 2pr!? + |W"? 


Considering the equations (2.8) and (2.9), it easily seen that 


B*. 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


(2.6) 


(2.7) 


(2.8) 


(2.9) 
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* apa ‘ * */ * * $ * 
_ ||W*||(cos p* + sin yp ) yp N* 4 | W*||(cos p* + sin p ) Be (2.10) 


V 21W* |)? + pr”? yf 2|W* ||? + 4%” Vf 2|W*||? + 4p” 


Differentiating (2.9), where 


Bi \ Tp, (s*) 


* Hd * * 
x1 = —2 a) + (hy (Se) 


xo = 2 — 3( LWA)? — (UW) 4 _ (Wes ILy’ (HL) (2.11) 


xe = 2(WEL) + (EN)® + 


including we can reach, 


(p")*V2(xa sin p* + X2 608.0") rm xs(er v2 ay (eh PV 2G 008 9" = xas8in ge") oe (2.12) 


(ire + (ery) “(inwe2-+ 9?) (iwele +(e") 


Ta, (3) = 


From the equation (2.10) and (2.12), Kha geodesic curvature for involute curve {;(s*) is 


Kg = (Tp,,81 AT) 
1 w* w* 
~ [Welly 2\5 (! ! aya + 2x2) (2.13) 
(2+ ( yr! ) )2 ? ie 


From the equation (1.6) and (1.9), Sabban apparatus of the 8,-Smarandache curve for base curve are 


B1(s) = (||WI| — 9’) sing, y+ ||w| v4 (IW v)eose 
FT IWE | ae IW Qe? DIT 
Tp (s) = (—||W]| — y’)nsin y — [WIP +p? cosy, | ny" — ||W]) ‘ 
JWT +o? V/1 + 2? JWI + p21 + 29? 
_ VIIWIP + 9? sing — n(|W I + 9') cosy 5, 
JIWI? + oe? /1 + 2n? 
(B,ATs,)(s) = (|W || + ¢’) sin p — 2n [WIP + 9? cosy, y! — ||WI| 
1 Bi ~ VJ2 An? \/|W |? 72 J2 dP /WIe 7D 
oP VIWIE + 0 Tap WIP ae 
Wilt+y on JWI +o? si 
ral || + vy’) cos y + 2n,/\|W ||? + sin? 


2+ 41? /||WI/? + 9? 


(Xil|W| — xXo¥")n* V2 sin y — X34 2|WIP +29" cosy mV2UX¢' — XallW|l) 


T, (8) 2)2 2 72 2)2 2 72 
(1+ 292)? WIP +e (14212)? [W242 
_(Xil|W || — X2¥' )n*V2 cos y + X3n*/2||W |? + 2? sinY p 
(1 + 277)? /||W||? + p? 


and 


On The Darboux Vector Belonging To Involute Curve 135 


1 1 1 
Bi — a ie i 
Kh = =(-¥ Xo + 2X3), 2.14 
g (2+ ay fe 1 7 2 X3) ( ) 
where 
1 *\/ / / 
= (y ) = ( ud 5) cos y(c — s) (2.15) 
n Wl \ fo? +] 
and 
Unt k+y 
Xo =—2- 355 — ge - ara (2.16) 


(2-Smarandache curve can be defined by 


al 
8c*) = = (C* + C* AT 2.17 
Ba( Cc ) re Cc ) ( ) 
or from the equation (1.6), (1.8) and (2.4), we can write 
do(s) = Wilsiny — VoF + [WTP cos g |Wleoso+ YoFFTWPsing, 1p 
V 20 + 2||W|l? V 20 + 2||W|l? V 2p? + 2\|W ||? 


Differentiating (2.18), we can write 


—y' sin p || WI gy! cosy 
T 4 N 

[WIP+¢e?  JIWIP?+~? VWI? +9” 

Considering the equations (2.18) and (2.19), with ease seen that 


(2.19) 


Tp, (s) = 


_ ~||WI|sing — VIIWIF + 9? cose, y N+ VIIWI? + 92 sing — ||| cos 9 


Bo A Tp, )(s) = 
ee DWP + 29 DWP + 2 DWE +29 


(2.20) 
Differentiating (2.19), we can write 


—nV2\|W|| sing — /2]) WI? + 297 cos 
Ti,(8) = nv2||W || sin y Mal = 7 COS Pr ie _N 
(n—1)V||WI|? + ¢ (n—1)V/||WI? + 9 
_ VaWIP + 29? sin y — nv2||W| cosy (2.21) 

(n- 1) VWI? +? 


KE? geodesic curvature for base curve (2(s,,) is 


Oe = (2.22) 


£3-Smarandache curve can be defined by 


Gen salle +0" A Tos) (2.23) 


or from the equation (2.4), (1.6) and (1.8), we can write 


-y' sing — fo? +] WIP W Je? +IW]P sing — y’ 
ON pe cea i abe Ll |W || yo Ve +i Esine— eee, = oa) 
V 20? + 2\|W|l? V 20? + 2||W|l? V 20? + 2||W|l? 
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Differentiating (2.24), we reach 


(y' — nWI) sing — VWI? + 9? cosy, ne’ + ||| 


Tp, (s) = 


(y’ — |W ||) cosy + |W]? + w? siny p 


V2+ PV WIP +o? 


Considering the equations (2.24) and (2.25), it is easily seen 


+ 


V2+ 97 /||WI/? +p? V2+ 97 V/||WI? +p? 


(Ba A Ta,)(8) (2|W| + ng’) siny — ny IW? +e? cose, | 2¢' — n||W|| 
3 T 
V4 + 2n?4/||W I? + o? V4 + 2n?4/||W I? + o? 
_ GI + ny’) cosy + nv/||WI|? + e? siny 
V4 + 2n?/||W I? +o? 
Differentiating (2.25), where 
1 1 ie 1 1 1 
gy A=] £9. ee 13 2 eae) aan ae 
7 PWR mom ye yf 


including we have 


Ti,(8) = (2||W|| + g10’)n*V2 sin y — 7374./2||W]|2 + 20” cos y 
3 


T+ 


(Gay! — aillWll)ntv2_ 


2+)? Ve? + |W? 


_ (F2||WI| + t1e!)n*V2.cos p + Fan" V/2I|WIP + 2p? sing» 


| (2 +-1?)2,/p? + [WIP 


Kos geodesic curvature for base curve (33(5,,) is 


£4-Smarandache curve can be defined by 
= 
v3 


or from the equation (1.6), (1.8) and (2.4), we can write 


Ba(so~) = Ja(C* + Tox + C* A Tor) 


(2+)? Ve? + |||? 


(Wil = eo) sing — Ve? + ||WIPcosy,, o' + [IW 


Ba(s) = = 
ay) V3e? + 3) 39? + 312 
_ MW =o) cos p + g? +||WIPsing , 
397? + 3]|W||? , 
Differentiating (2.31), we reach 
Tee = (1= ne’ = nll) sing — VIIWIP + 9? cose, | (7 — 1) — ng’ 
: Vf 21 — 9 + 9?)/||WIP + ¢? f 201 — 9 + 9?)/||WIP + ¢? 


Fe ((n — 1)y’ — n||W||) cosy + JWI]? + v? sing » 


V2(1— 9+) VIWIP + 9? 


(2.25) 


(2.26) 


(2.27) 


(2.28) 


(2.29) 


(2.30) 


(2.31) 


(2.32) 
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Considering the equations (2.31) and (2.32), it is easily seen 


Giaty)(o) = (2MIWI+ C+ nosing — n= DVI Foose, = me! — (1+ nN 
* V6 — 6 + On? WIP +o? Je—6n +62 JWI? +o 
(2.33) 


_(2 = n)||WI+ 1 + ne’) cosy + 2n — Dy |lWIP +? sing | 
V6 — 6 + 61? VWI? + 9? 


Differentiating (2.32), where 


a 1 1 1,91 1 

pi = —-2+42 —45, +25 +25 (22 — 1) 

Dy = -24+27° —4-5 +255 — 2-55 — = (14+ 5) (2.34) 
1 


= _o51 1 1 Lo 4 1 
Pz = 22-44 444-24445(2-2) 


including we can write 


Ti (s) = (A, || WI| = pae')n*V3sin p — pnt /3[WIP? +39? cosy, (Bre! + Pall WIl)ntv3 
. AL =n pap Raye? + |W P A(1— + 97)? /y? + ||W|l? 
(2.35) 
_ Bil|WI| = Pav! )nt v3 cos p + D3 /3||WP + 89" sing 
ACL =a ea) Pe ae |W |F 
Kha geodesic curvature for base curve $4(s,,) is 
2+ — 1)p, + (-1— +)p) + (2-2 )p 
iis _ | 7 Pir | 7)P2 ( Ps (2.36) 


4,/2(1 — 1 +1?)8 
Example. Let us consider the unit speed spherical curve: 
2 1 2 1 4 
ae ee 2 9 AL a 
a(s) ts sin (2 s) 4 *2 (8s), - cos (2s) + 7p °° (8s), ip sin (3 s)} 


in the context of definitions, we reach (C*) curve (see Figure 1) and Smarandache curves according to Sabban frame 
on S?. 61, Bo, B3 and 84 (see Figure 2). 


Figure 1. (C*)-curve 
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Figure 2. Smarandache curves 
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